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Abstract

The concept of Minkowski spacetime evolved our understanding of
space and time. The following study explores the mathematical struc-
ture of special relativity, demonstrating how Lorentz transformations
preserve spacetime intervals and ensure the invariance of the speed of
light across all inertial frames. Key principles and phenomena such as
time dilation and length contraction are viewed through both algebraic
and geometric lenses. To supplement understanding, the twin paradox
and barn and pole paradox are analyzed, demonstrating how contra-
dictions are resolved via Minkowski spacetime. Through mathematical
arguments, this study aims to provide foundational understanding of

relavistic motion and is implications for modern physics.
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1 Introduction to Special Relativity

For over two centuries, Newtonian mechanics dominated the world of
spacetime, depending on the concepts of absolute space and time as un-
changing. This described the motions of planets, everyday objects, and
particles. However, consider the Michelson-Morley Experiment [3]: Imagine
a beam of light being split into two perpendicular paths due to the reflection
of a semi-silvered mirror angled at 45°, with each beam traveling to distant
mirrors before reflecting back. This results in the recombination of beams.
The scientists who performed this experiment expected the motion of the
Earth to create an interference pattern in the now combined beams. To
their surprise, this was not shown, resulting in the idea that the speed of
light is constant in any direction, unaffected by the motion of the earth or
the observers. This experiment challenged the concept of absolute space and
time, which laid the foundation for Einstein’s special theory of relativity.

Mirror

Beam Splitter
Light Sourcco I Mirror

Detector

Figure 1: Diagram of the Michelson-Morley Experiment.



In 1905, Einstein introduced the special theory of relativity [1]. This was

grounded on two paramount principles:

Principle of Relativity: The laws of physics are the same in all inertial
frames of reference. This contradicts the idea of a universal ‘rest

frame’.

Constancy of the Speed of Light: The speed of light in a vacuum, de-
noted as c, is always approximately 3 x 108 meters per second, regard-

less of the motion of the light source or the observer.

These two fundamental ideas obliterated Newtonian mechanics by demon-
strating that space and time are interconnected and relative depending on
the observer’s motion, resulting in the four-dimensional Minkowski Space-

time.



2 Minkowski Spacetime and Events

2.1 Definition of Spacetime Coordinates and 4D Vectors

Minkowski spacetime M is a 4-dimensional real vector space with an

inner product g, for which there exists a basis ey, es, e3,e4 for M with the
T | 2 3 4 _ 1 2 3 4

property that if z = z e1+x°ea+x°es+x eq and y = y e1+y“es+y es+y ey,

then

g(z,y) = o'y’ + 22y + 2%y — 2y (See [2], pg. 2). (1)

It is assumed that the reader is familiar with the ideas of 4-dimensional
real vector spaces, bases, and inner products. However, within this space,
the inner product is indefinite. That is, the inner product can yield positive,
negative, or zero values for all nonzero vectors. In the context of special
relativity, elements of this space are called “events”, representing points in

spacetime.

2.2 Inner Products and the Minkowski Metric

Within Minkowski spacetime, the Minkowski metric is utilized, and de-
noted as equation (1) (see [2], pg. 2)). This metric defines the Minkowski
inner product g(z,y), which encodes the geometric structure of spacetime.

The Minkowski metric can also be denoted in matrix form:



0

0

0

—1

Applying the Minkowski metric to the difference between event vectors

x = (z1,22,23,24) and y = (y1,¥2,Y3,¥y4), the inner product produces a

spacetime interval, denoted as s%, between them. That is,

2

In component form, this becomes

2

s =gx—-y,x—y).

s = (z1—y1)” + (22— y2)” + (23 — 3)” — (24 — 0a)”.

A basis {ey, ez, €3,e4} for M is said to be an orthonormal basis as it consists

of mutually orthogonal unit vectors, satisfying

1

g(eaaeb) =43 -1

0

ifa=b=1,2,3,
if a=0=4,
ifa #b.

We now describe the conditions under which a linear transformation

preserve the Minkowski inner product, as stated in the following proposition

adapted from [2]. In what follows, the notation x -y refers to the Minkowski

inner product defined previously in equation (1).



Proposition 2.1. Let L : M — M be a linear transformation. Then the

following are equivalent:

(a) L is an orthogonal transformation, meaning that the Minkowski inner

product is preserved. That is, for all vectors x,y € M, Lx-Ly = x-y.

(b) L preserves the quadratic form of M. That is, for all x € M,

Lx - Lx=x-x.

(¢) L carries any orthonormal basis for M onto another orthonormal basis

for M.

Proof. Let L : M — M be a linear transformation.
We will start with showing that (a) implies (c). Suppose L is an orthog-
onal transformation. So, Lz - Ly = x-y for all x,y € M. For an orthonormal

basis {e,}, we have the dot product e, - e = 1,5, Where
1, ifa=b=1,2,3

Nab =14 —1, fa=b=4

0, ifa#b

So applying L, we obtain

Leqg - Ley = e, - ep = Tlab

So, {Ley, Leg, Les, Ley} is also an orthonormal basis.
Now, we will show that (c) implies (b). Suppose L maps an orthonor-

mal basis {ej, e2, e3,e4} to another orthonormal basis {Ley, Ley, Les, Leg}.



The original basis satisfies e, - ep = 74p. By the definition of orthonormal ba-
sis, the transformed basis must satisfy Ley-Lep = ngp. For any vector x € M,
we can express it in terms of an orthonormal basis x = x%¢,, where repeated
indices are summed according to the summation notation. So, we can write
Lx = x%(Le,). Taking the dot product, we compute Lx-Lx = x*Le,-x°Ley,.

Expanding this in summation notation, we obtain
Lx-Lx = Z 2%2%(Le, - Ley).
a,b
As L preserves the dot product of basis vectors, Le, - Lep = 1gp. So,

Lx - Lx = Z 2%z,
a,b

Hence, Lz - Lz = 2%xbn,, = x - &, showing L preserves the quadratic form.

Finally, we show (b) implies (a). Suppose L preserves the quadratic
form of M. That is, for all vectors x € M, we have L(x) - L(x) = x - x. To
show L preserves the Minkowski inner product, observe that for any vectors

X,y € M,
(x+y) x+y)-(x-y) (x-y)=4x—y).
Since L preserves the quadratic form, we have

Lix+y) Lx+y)=(x+y) (x+Yy)



and

Lix—y) Lix—y)=(x-y) (x—y).

Subtracting, we obtain

Lix+y) Lix+y)-Lx—-y) - Lx—-y)=(x+y) x+y)-(x-y) (x—y).

Finally, simplifying, we get

4(Lx - Ly) =4(x-y).

Thus, Lx - Ly = x -y, showing L preserves the Minkowski inner product.

We have showed that all three given conditions are equivalent. O

Transformations that satisfy these conditions will be examined further
in Section 3, where we introduce the formal definition of Lorentz transfor-

mations.



3 Lorentz Transformations

3.1 Definition

As described in Section 2, we described the criteria needed for linear
transformations that preserve the Minkowski inner product. We now focus
on a specific transformation that demonstrates the symmetry of the space-
time. A Lorentz transformation is a linear transformation A : M — M
such that g(Ax,Ay) = g(x,y) for all x,y € M, where A is represented by
a matrix. That is, a Lorentz transformation preserves the Minkowski inner

product. In matrix notation, this condition is equivalent to

ATpA =17 (2)

This follows as Lorentz transformations preserve the Minkowski inner prod-
uct (see [2], pg. 5).

This equation defines the set of Lorentz transformations as the group
of 4 x 4 matrices that preserve the Minkowski metric. The matrix A maps
events that occur in Minkowski spacetime to new coordinates while still
preserving the very structure of spacetime. To connect this definition with
coordinate computation, we restate the condition in terms of its component

expressions following the formulation given in [2].



Proposition 3.1. Let A} be the components of a Lorentz transformation
in Minkowski spacetime. That is, A is a linear transformation preserving
the Minkowski inner product. Let ng be the components of the Minkowski
metric, where 1., are the standard values previously defined. Then, the

following are equivalent:
° 23:1 23:1 AgAZnab = Ned, for all c,d=1,2,3,4.
e ATpA =1

Proof. Suppose ATpA = 5. Using this, consider the (c,d) component of
both sides: (ATnA).q = 1eq. Notice that (ATn)y = Zizl(AT)gnab. So,

4 4
(ATn)eahg =Y (AT)enaAg.
a=1 b=1
Observe that (A7n)pAY = (ATneA)eq = neq. Thus,
4 4

Z Z(AT)Z%I;AZ = MNed-

a=1 b=1
Now, using the definition of transpose, we get

4
Z AgnabAZ = Ned-
1b=1

] =

a

This holds for all 16 values of (¢,d). Thus, the component equation is

equivalent to ATnA = 7, showing equivalence. O

Through this proof, it is demonstrated how Minkowski spacetime is pre-

served under transformations between coordinate systems moving at con-



stant velocity, or, an inertial frame, and reinforces the importance of Lorentz

transformations within special relativity.

3.2 Coordinate Transformation

Let an inertial frame S observe an event occurring at (z,t). Let S’ be
another inertial frame moving with constant velocity v in the x-direction
relative to S. The coordinates of the same event in frame S’ are denoted
(2',t"), where 2’ denotes the position of the event in S’, and ¢ denotes

tthe time of the event in S’. Also, f = ¢ denotes the velocity of S’, and

— 1 : 3
v = T denotes the Lorentz factor that scales time and space between

the two frames. In this case, the Lorentz transformation reduces to

7' = v(z — vt) (3)
¢ =t -2 ()

We now apply these formulas to derive time dilation and length contrac-
tion to describe how event coordinates transform between inertial frames in

relative motion.

3.3 Time Dilation

Let S and S’ be inertial frames of references with S’ moving with constant
velocity v in the x-direction relative to S. Suppose an event occurs within
the same location as S’, but at two distinct times. As measuring the passage
of time requires at least two distinct events- like how a clock ticks- we now

must consider a pair of events occurring at the same position in the frame



of S’ that is separated by time. That is, in the frame of S’, the events have

coordinates (z/,t}) and (2/,,). As such, the elapsed time in S’ is
At =t — ).

This interval represents proper time, denoted as Ar.
Now, we turn to how the proper time interval appears in the frame of S.

Thus, we apply the inverse Lorentz transformation for time:
v
t=~{ + =512').
vt + 52)
Applying this to both events and taking the difference, we get
r v /
At = (At + C—QA:JJ ).

But, as the events occur within the same location in the frame of S’, Az’ = 0.

So, we have
At = yAL.

As such, the time interval measured by S is longer than S’ by a factor of ~.
This phenomenon of moving clocks ticking slow is known as time dilation.
We now formalize this in the following proposition from [2], in which time

dilation is shown to be a direct consequence of Lorentz transformations.

Proposition 3.2. Let two events be separated by a time interval AZ* in

an inertial frame where AT = Az? = AZ3 = 0. Then, under a Lorentz



transformation with relative velocity v, the transformed time interval satis-

fies Azt = yAz4 Azt

V1-p2"
Proof. Suppose two events are separated by a time interval Az, Let

Az' = Az? = Az® = 0. Thus, substituting Az' = 0 into (4), we get

—4
Azt = y(Az* - @) = ATt = _AT

2 V1-p2
as desired. 0

While the derivation above was performed through the frame of S, the
scenario is symmetric as from the frame of S’, it is rather the clock in S
that seemingly ticks differently. This mutual difference in time is a result of

the symmetry of Lorentz transformations.

3.4 Length Contraction

Let S and S’ be inertial frames of references, with S’ moving with con-
stant velocity v in the x-direction relative to S. Suppose a pole is at rest in
S” with endpoints located at location 2} and 2/, in that frame. The length

of the pole in S’, denoted as L', is given by
L' =z, — ).

Now, to determine how the length of the pole is observed in the frame of

reference S, we must compute the spatial separation of the two endpoints at



the same instant in S. As such, we utilize the inverse Lorentz transformation
= y(z' + vt

For this scenario, we consider the measurements of the pole to be taken at
a fixed time in the frame of S. As the pole is moving in .S, the position of

its endpoints at time t are given by
z1 = (2] +vt), 19 = (2 + vt).
Now, taking the difference, we get
xg —x1 = y(2h — ) =~L.
So, solving for L', we find the length for the reference frame S to be
L=xy—x1 =~L.

Thus, we get

L =

L
5

Therefore, the length of the pole as measured in the frame where it is moving
is shorter than its length at rest by the Lorentz factor . This phenomenon
is known as length contraction.

Similar to time dilation, length contraction is also symmetric. Consider

how the frame of S’ sees that the pole in S is contracted. Each observer



considers that the pole length is shorter along the direction of relative mo-
tion. Again, this mutual difference in length contraction is a result of the

symmetry of Lorentz transformations.

3.5 Simultaneity

Let S and S’ be inertial frames, with S’ moving with constant velocity v
in the x-direction relative to S. Suppose two events occur at distinct posi-
tions x1 and z9 in the frame of reference S, at times ¢; and ts, respectively.
Now, suppose the two events are simultaneous in S such that t; = t5. To de-
termine if these events truly occur simultaneously in S’, we use the Lorentz

transformation for time

Applying this to both events and taking the difference, we get
, v
At = y(At — C—QAJJ),
where At = to — t1 = 0. Applying this, we get
At = —V%Am.
c

Supposing Az # 0, it follows that A#’ # 0. Thus, two events that were
simultaneous in one inertial frame may not be observed as simultaneous in
another frame moving relative to the first. This phenomenon is known as

relativity of simultaneity, which demonstrates that the ordering of events is



dependent upon an observer’s inertial frame of reference.

To visualize this, consider the classic train and platform thought experi-
ment. Let Observer A stand at the midpoint of a stationary platform (frame
S), and Observer B ride at the midpoint of the train moving with constant
velocity v. Now, consider a bolt of lightning that strikes both the front and
back of the train simultaneously in the platform frame. As Observer A is
equidistant from both ends of the train, the light from each bolt of lightning

reaches them at the same time. This demonstrates simultaneity in S.

Lightning Left Lightning Right

\ <
]

*~~Train (Moving Right)"~ i

~

~ -

~ s

Train &)se;r\?er

Observer (gl Platform

Figure 2: A visualization of the experiment.

Alternatively, from Observer B’s perspective, they are moving towards
the light from the bolt striking the front of the train, and away from the light
from the bolt striking the back. As the speed of light is constant in all inertial
frames, the front flash reaches Observer B first. Thus, the lightning must
not be simultaneous in S’. This experiment illustrates that simultaneity is

not absolute, but depends on the observer’s frame of reference.



4 Light Cones and Causality

4.1 Vector Classification

Given a nonzero vector x € M, consider the sign of g(x, x), which repre-
sents the squared spacetime interval associated with x. As stated in Section
2, the inner product is indefinite. Thus, this value may be positive, negative,

or zero. This leads to the following classification of vectors:
e x is lightlike (null) if g(x,x) = 0.
e x is timelike if g(x,x) < 0.
e x is spacelike if g(x,x) > 0.

These classifications demonstrate the potential causal relationship be-
tween events in spacetime. Timelike vectors represent possible worldlines of
objects moving incredibly fast, lightlike vectors describe the path of massless

particles, and spacelike vectors connect causally disconnected events.

4.2 Structure

Given an event O € M, the collection of all lightlike vectors originating

from O forms a lightcone. The lightcone divides spacetime into three regions:

e The future lightcone contains all timelike and lightlike vectors that are

future-directed.

e The past lightcone contains all timelike and lightlike vectors that are

past-directed.



e The exterior of the lightcone contains all the spacelike vectors.

The lightcone structure determines the causal relationship between events.
That is, events occuring within the past lightcone of O can influence O, while
the events within the future lightcone of O can be influenced by O. Mean-
while, events outside the lightcone are causally disconnected from O. Only
events that are timelike or lightlike separated can be related to it. Addi-
tionally, as the spacetime interval remains invariant under Lorentz transfor-
mations, the lightcone structure is preserved under all inertial frames. This
allows the classification of vectors and causal relationships to be observed,

regardless of an observer’s inertial frame. Observe the figure below:

-

Future Light Cone

Past Light Cone

Figure 3: A lightcone in Minkowski spacetime (see [4]).



5 The Twin Paradox

The twin paradoxr demonstrates the asymmetry that arises when two
observers follow different worldlines in Minkowski spacetime. This apparent
paradox, first proposed by Einstein [1], can be resolved through the very

structure of relativity.

5.1 Setup

Let Twin A remain at rest on Earth in an inertial frame S. Let Twin
B depart Earth moving with constant velocity v heading towards a distant
star. When Twin B arrives at the star, they turn around, and return at the
same velocity. While Twin B is traveling, their motion is inertial, but the
direction change at the star involves rapid de-acceleration and acceleration.

Let D denote the total distance the trip takes, and suppose each leg
takes a coordinate time At = % in Twin A’s frame of reference. Within this
frame, Twin A stays at rest. This results in a straight worldline, and that

they experience coordinate time

D
Aty =2—.
v

Alternatively, Twin B travels with constant velocity v. Thus, their proper

time is subject to time dilation:



Thus, for Twin B’s roundtrip, we get

Argp =228 Aty = ont
v

As v < 1, it follows that
ATp < Aty.

This result demonstrates that Twin B experiences less proper time than

Twin A.

5.2 Resolution

While in this paradox, each twin observes that the other’s clock is tick-
ing slower during inertial motion. But, the true asymmetry is due to Twin
B switching frames at the star, breaking the symmetry between observers.
In Minkowski spacetime, proper time relates to the length of an observer’s
worldline. A straight worldline demonstrates maximum proper time. So,
Twin A, who remains at rest, experience the greatest proper time. In con-
trast, Twin B’s worldline consists of two straight segments joined at a point.
While time dilation applies to both segments, the point represents a shift in
simultaneity. When this occurs, Twin B now sees that Twin A’s clock has

jumped forward.



Twin Paradox: Spacetime Diagram
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Figure 4: a spacetime diagram showing Twin A’s straight worldline and

Twin B’s piecewise path.



6 Barn and Pole Paradox

The Barn and Pole Paradox presents that length contractions and the
relativity of simultaneity could contradict one another. However, viewing
this so called “paradox” through the lens of Lorentz transformations and the

geometry of Minkowski spacetime, the apparent contradiction is resolved.

6.1 The Setup

Suppose there is a barn with a rest length of L = 8m that is stationary
in an inertial frame S. Let a runner carry a pole with a rest length of
L' = 16m, moving with constant velocity v along the spatial x-axis. The
runner’s reset frame of reference is denoted as S’. In this frame, the barn is
moving toward the pole. We now define the following events for both frames

of reference:
e Event A occurs when the front of the pole reaches the barn.

e Event B occurs when the front of the pole reaches the back of the

barn.

e Event C occurs when the end of the pole reaches the front of the

barn.

These events occur at specific coordinates in spacetime, which differ depend-
ing on the frame of reference. We now examine these coordinates in both

frames.



Barn (Rest Length = 8m)

Pole (Contracted to 8m)

Pole (Proper Length = 16m)
Front Door Back Door

Bunner at v == ().866¢

Figure 5: A visual aid of the Barn and Pole Paradox

6.2 Coordinates in the Barn Frame S.

Within the frame S, the barn is at rest and the pole is moving. We
seek a velocity v such that the contracted length of the pole equals the barn
length. Substituting L = 8 and L' = 16 into the length contraction formula,

we find

3
2

S

8=16y/1-32 — B=

;Y =2.
Let the front of the pole arrive at the front of the barn at time ¢ = 0. The

time for the front of the pole to reach the back of the barn is given by

16
Voc \/gc.

SHESE
S| o0



We can now show the events in the barn’s frame:
e Event A occurs at (za,t4) = (0,0).

e Event B occurs at (zp,t5) = (8, \1[—360)

e Event C occurs at (z¢,te) = (0, %)

Observe that tp = tc. This suggests Events B and C are simultaneous,

resulting in the idea that the pole fits entirely in the barn.

6.3 Coordinates in the Pole Frame S’.

Within the frame S’, the pole is at rest and the barn moves toward it

_ V3¢
V=

with velocity . Due to length contraction, the barn’s length in this

frame is
=13
~
We now can apply the Lorentz transformation for position and time for each
event.

Event A occurs at z4 = 0, and t4 = 0. Substituting these into our

transformation equations, we get

2y =2(0—v-0)=0, t/y =2(0—0) = 0.

Next, Event B occurs at xtg = 8, and tg = %. Again, substituting, we get

163 16 8¥k g

\/320)22(8—8):0, tjgzz(\/gc 2 ):\/ﬁc'

s =28 -



Lastly, Event C occurs at z¢ = 0, and to = %. Following the same process

as above, we get

V3e., 16 16 0 32

ro =200 — (T)(\/&) = —16, tc = Q(E - C*Q) = e

We now summarize the events in the pole’s frame:
e Event A occurs at (2/4,t"y) = (0,0).

e Event B occurs at (z'5,t%5) = (0, ﬁ)

e Event C occurs at (z(,tc) = (—16, %)

Notice that t)3 # t[,, suggesting that events that were simultaneous in the

barn’s frame are not simultaneous in the pole’s frame.

6.4 Resolution

In the barn’s frame S, the pole is moving, and Events B and C occur
simultaneously, suggesting that the pole fits entirely within the barn. Thus,
both doors can close at the same time without contradiction. Meanwhile,
in the pole’s frame S’, the pole is at rest and the barn is moving, and
Event B occurs prior to Event C. Thus, the entire pole is never inside the
barn at a single moment, resulting in the barn doors not closing. These
differing accounts of events do not represent a true paradox, but rather
an example of the relativity of simultaneity. Each observer uses the same
physical laws and transformations, which yields equally valid frames of refer-
ences, and demonstrates the the necessity of the four-dimensional structure

of Minkowski spacetime to interpret motion, simultaneity, and causality.



7 Conclusion

The study of Minkowski spacetime replaced Newtonian absolutes with
a relativistic framework, reshaping our understanding of space and time.
Exploring Lorentz transformations provided a structure that preserves the
spacetime interval and ensures the speed of light is invariant across all iner-
tial frames. This aids in explaining the phenomena of causality, lightcones,
and relativistic paradoxes.

The barn and pole paradox demonstrates how an event that appears to
be simultaneous in one frame may not be simultaneous in another frame.
The resolution of the paradox can be seen through Lorentz transformations.
This solidifies the necessity of observing spacetime as a four-dimensional
construct, so observer in differing inertial frames experience distinct, yet
equally valid versions of events. Similarly, the twin paradox reinforces the
interplay between acceleration, time dilation, and simultaneity.

This study focuses on the algebraic and geometric representations of
Minkowski spacetime. The principles within this structure can be used to
solve apparent paradoxes, and also, provide foundational understanding to
topics in physics such as general relativity. Our understanding of spacetime
will undoubtedly evolve. But, insights and understandings from Minkowski

spacetime remain indispensable and pivotal in the shaping of physics.
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