GENERATORS FOR DECOMPOSITIONS OF TENSOR
PRODUCTS OF MODULES ASSOCIATED WITH STANDARD
JORDAN PARTITIONS

MICHAEL J. J. BARRY

ABSTRACT. If K is a field of finite characteristic p, G is a cyclic group of order
q = p%, U and W are indecomposable KG-modules with dimU = m and
dim W = n, and A\(m,n,p) is a standard Jordan partition of mn, we describe
how to find a generator for each of the indecomposable components of the
KG-module U @ W.

1. INTRODUCTION

Let p be a prime number, K a field of characteristic p, and G a cyclic group of
order ¢ = p®, where « is a positive integer. It is well-known that there are exactly
q isomorphism classes of indecomposable K G-modules and that such modules are
cyclic and uniserial [1, p. 24-25]. Let {Vi,...,V,} be a set of representatives of
these isomorphism classes with dim V; = i. Many authors have investigated the
decomposition of the KG-module V,,, ® V,,, where m < n, into a direct sum of
indecomposable K G-modules—for example, in order of publication, see [9], [16],
[12], [13], [15], [10], [14], [11], and [3]. From the works of these authors, it is
well-known that V,, ® V,, decomposes into a direct sum Vy, & Vi, --- & Vy,, of
m indecomposable K G-modules where A\ > Ay > -+ > X, > 0, but that the
dimensions A; of the components depend on the characteristic p. Now A(m,n,p) =
(A, A2, ..., Ap) is called a Jordan partition of mn, and A(m,n,p) is said to be
standard exactly when A, = m +n + 1 — 2i for every integer ¢ € [1,m]. So when
A(m,n,p) is standard,

m
Vm @V, = @ Vn+m+1—2i-
i=1
Necessary and sufficient conditions on m, n, and p for A(m,n,p) to be standard
were given in [5].

Fix a generator g of G. There is a basis uy, ug, ..., Uy of Vi, on which the
action of g is given by gu; = w; and gu; = u;—1 + u; when ¢ > 1. Note that
(9 — 1)Uy, = Upm_;, and so u,, generates V,,, as a KG-module. Similarly there is a
basis w1, wa, ..., wy, of V,, with V,, generated as a KG-module by w,, on which
the action of g is given by gw; = w; and gw; = w;—1 + w; when ¢ > 1. Clearly
{vij=u;®@w; |1 <i<m,1<j<n}isabasis of Vi, ® V,, over K. Shortly
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we will see that B = {f,; = u; ® ¢"'w; | 1 <i <m,1 < j <n} is also a basis
of V,, ® V,, that turns out to be easier to work with. We will specify, in terms of
B, m elements y1, Yo, ..., Ym in V,, ® V,, such that, when A(m,n,p) is standard,
KGy; 2 Viypma1-2; and V,;, ® V,, is an internal direct sum of the indecomposable
modules KGy;. (m > 2)

Barry did this for the special standard partition A\(m,n,p) with m +n < p+1
in [4], and Glasby, Praeger, and Xia did it for a subset of standard partitions that
properly includes the case that Barry dealt with in [6, Theorem 2].

We now describe the organization of the paper. In Section 2, we show how to
calculate in V,,, ® V,,, we state our main result in Section 3, we work out an example
in Section 4, and finally we prove our main result in Section 5.

2. PRELIMINARIES

Lemma 1. The set B={f;; =u; @ ¢""w; | 1 <i<m,1 <j<n}is an K-basis
for Vi, @ Vo, and (9 — 1) fij = fi—1; + fi,j—1, where we understand that fi ¢ = 0 if
k<lorf<l.

Proof. Since f; ; = v;; + Zk+£<i+j Qg ¢Uk,¢, the linear independence of B follows
from the linear independence of {v; ; | 1 <i<m,1 <j <n}. Also
gfij=gu; ®g" Tw;
= (i ui1) ©g" " (wy +w; 1)
=u; ® gnfi’wj +u; ® gnfiwj—1 Fui—1® gnfi(wj +w;_1)
= fij + fijo1 +uima @ g™ D,
=fij+ fij1+ fic1;

Thus (g —1)fi; = fij—1+ fi—14- O

Preference for working with the basis B over the basis {v;; = u; @w; | 1 <1 <
m,1 < j < n} stretches back at least to Trampus in [17] and [18] .

For an integer k € [1,m + n — 1], define the K-vector subspaces Fj and Dy of
Vi ® Vi, by

Fk:<fi,j|7;—|—j§k+1>, ande:<fi7j|i—|—j:k‘+1>.

Also for convenience define Dy = {0} for k < 1. Clearly Dy C F). Note that Fj,
which equals (v; ; | i+ k <k + 1), is a KG-submodule of V,,, ® V.

Lemma 2. For each integer i € [1,m], define x; = Z;Zl(fl)j’lfj7i+1_j € D;.

Then {x1,Z2,...,Tm} 18 linearly independent over K and (g — 1)xz; =0 for all i.

Note that the definition of the elements z; differs from that in [3].
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Proof. First {x1,x2,...,2,} is linearly independent over K because x; € D; and
F,=D1® - & D,, as a direct sum of vector spaces. Also
i i
(g—Dai =Y (=17 frimg+ D> (1 iy
J=1 Jj=1

i

i—1
(=17 i+ Y (=1 friy
-1 =0

4,0 + fo

I
S =

Then, by Lemma 1, (g — 1)"(Dg) C Dy—, and

G- 1) =3 (k) A

k=0
where we understand that fiir—pj—p =0ifi+k—r<Oorj—k<O0.
Hence (g — 1)™*"2%(D,,, s %) € Dy, when 1 < k < m and
m—+n—2k
et — m+n — 2k
(G- (fi) = > ( ’ )fi+é—m—n+2k,j—€-

£=0
Assume that m < n. Denote the ordered K-basis

(fmkarl,n; fm7k+2,n71 ey fm;nfk:«kl)
of Dyyn—t by Bpmin—r and the ordered K-basis (fi1.k, fo.k—1s---, k1) of Dy by
Bi.. In the case where m =n and k =m, Bp,4n—x = By.

Lemma 3. Let Ay(m,n) be the matriz of (g—1)"+"=2k with respect to the ordered
K-bases By yn—r and By of Dyyyn—i and Dy, respectively. Then

m-+n—2k m-+n—2k m-+n—2k
( n—=k ) ( n—k—1 ) ‘ (n+172k)
(m+n—2k) (m—i—n—?k) ) (m+n—2k:)
Ak (m7 n) _ n+%—k n—k m+2‘—2k
() ()

Proof. A typical element in By,n—k 1S frn—ktt.n—t+1, 1 < t < k, while a typical
element in By is fspy1-5, 1 <s < k.

Now

m+n—2k
_ m+n— 2k
(9— 1)m+n 2k(fmfchrt,nftJrl) = Z < / >fe+k+tn,nt+1e

£=0

Whenf+k+t—n=s(andn—t—0+1=k+1—s),{ =n+s—k—t Thus the
coefficient fs x11-s in the expansion of (g — 1)™ " 2F(f,, ks pn_yi1) is

m+n — 2k
n+s—k—t)
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This proves our lemma. O

This matrix Ag(m,n) has appeared in several papers, for example, [11, p. 145] and
[6, Proof of Theorem 2].

3. STATEMENT OF RESULT

For an integer k € [1,m], define the kx 1 column vector C}, to be the coordinate ma-
trix of of zp with respect to the basis By of Dy. Then C}, consists of alternating 1’s
and —1’s. Then define the &k x 1 column vector By by By = adj(Ag(m,n))C, where
adj(Ag(m,n)) is the classical adjoint of Ax(m,n) (so Ax(m,n)adj(Ax(m,n)) =
(det Ag(m,n)) I = adj(Ar(m,n))Ag(m,n)).

Theorem 1. With Ax(m,n) and By defined as above, and yy defined by
k
Yk = Y bit frkrimi1—is
i=1
the equation (g — 1)"t™=2F(y) = (det Ap(m,n))zr holds. In addition, when
A(m,n,p) is standard, Ap(m,n) is invertible for every integer k € [1,m], KGy, =

Vigmti—2k (L <k <m) and

Vi @V, = KGy1 @ KGy2 & - -- & KGyp,.

4. EXAMPLE

We illustrate Theorem 1 when m = 4, and n = 5.

Whenk = 1,21 = f1,1, 41(4,5) = ((})) = (35), det A1 (4,5) = 35, and adj(A41(4,5))C; =
(1)(1) = (1). Thus y1 = fa5, and

7

(g-17(m)=> (Z) fe-35-0= (D fia = (det A;(4,5))x;.

=0
When k=2, 23 = f12 — fo1,

A9(4,5) = (Egg

det A3(4,5) = 50, and

adj(A2(4,5))C2 = (i% _1%)0) <_11) = <_2?5> '
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Thus fg = 20f3,5 — 15f474, and

(9—1)°(y2) = 20; @) Jo—25-0—15 <25: (2) fz—1,4—z>

£=0

s (O () (s ()

= 50f1,2 - 50f2,1
= (det A2 (4, 5)).’172

When k =3, 23 = fi3 — fo2 + f3,1,
® @
A3(4,5) = (g) (g)

det A3(4,5) = 10, and

6 —8 6 1 20
adj(As(4,5))Cs = (—3 9 —8) (—1) = (—20) .
1 -3 6 1 10

Thus Ys = 20f275 - 20f374 + 10f473 and
(9— 1) (20fo,5 — 20 f34 + 10fs3)

3 3 3
3 3 3
=20 kE—O (k) fr—1,5-1 — 20 g_o (k> fra—r +10 kg_o (k> Srt+1,3—k

=20(3f1,3+ fa,2) —20(3f1,3+ 3f22 + f3,1) = 10(f1,3 + 3f2,2 +3f3,1)
=10f1,3 —10f22 +10f31
= (det A3(4, 5))$3

When k=4, x4 = f14 — fo,3+ f32— fa1,

LA
MG G O @) oo )
Hd b b)) oo
det A4(4,5) =1, and
1 -1 1 -1 1 4
aicaasnc =0 o 3 L =S
0 0 O 1 -1 -1

Thus ys =4f15 —3fo.4a +2f33 — fa2 and

(9 —1)(ya) =4f14 —3(fra+ fo3) +2(fo3 + f32) — (fa2 + fa1)
= fra— fa3+ fa2— fan
= (det A4(4, 5)).’£4
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Now \(4,5,p) is standard iff p # 2,5, 7 by [5] and
Vi®Vs=KGy & KGys & KGys & KGy,
when A(4,5,p) is standard by Theorem 1.

5. PROOF OF THEOREM 1

The author’s original proof that Ay (m,n) is invertible when A(m,n, p) is standard
was far too long. The proof of this part of Theorem 1 given below was pointed out
by an anonymous referee to whom the author is extremely grateful.

Proof of Theorem 1. Since by [2, p. 392],

(g =)™ 2% yels, = [(9— D" M8, By Uk Brri s
we have
[(g—l)”er*Qk-yk}Bk = Ax(m,n)By = Ap(m,n)adj(Ar(m,n))Cy = (det Ax(m, n))Cl.
But [zx]p, = Ck, which implies that (g — 1)"*m=2F(y,) = (det Ax(m,n))zy.

We now follow the exposition of Iima and Iwamatsu’s algorithm for computing
the parts of A(m,n,p) in [7, Section 4]. Denote det Ax(m,n) by Dy(m,n) when
1 <k <m, set Do(m,n) = 1, and note that D,,(m,n) = 1 because A,,(m,n)
is unipotent upper-triangular. Suppose that all the values of k with 1 < k < m
satisfying dx(m,n,p) = Lare 0 = kg < k1 < --- < ky = m. Then, by [7, Proposition
11],
¢
Vm oV, = (kz - kifl)vm+n7ki7ki,1 .

i=1
Now assume that A(m,n,p) is standard. Then ¢t = m, and k; = ¢ for every integer
i € [1,m]. Thus, from the definition of the k;, 5, = d; is non-zero in the field K
for every i € [1,m]. Hence Ai(m,n) is invertible for every integer k € [1,m].

Since det Ay, (m,n) # 0, (g—1)" "2k (y,) = (det Ax(m,n))xy, and (g—1)(z) = 0,
the indecomposable K G-submodule K Gy, has dimension n 4+ m — 2k 4+ 1 and one-
dimensional socle KGxp = Kxi. Since the socles are linearly independent over
K by Lemma 2, it follows that KGy; + KGya + - -+ + KGy,, is actually a direct
sum. Finally, because the dimension of KGy; + KGys + - -+ + KGy,,, over K is
Yo (n4+m—2k+1)=nm,
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